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I. INTRODUCTION 



The study of neutrino properties in a medium in the presence of a magnetic field is very 
important in the context of neutrino physics and of a possible solution to the solar neutrino 
puzzle, and it has been widely studied in the literature. It has been shown that, in the 
weak-field limit, the presence of a magnetic field in the medium modifies the neutrino index 
of refraction [J]], but, for massless left-handed neutrinos the interaction with the magnetic 
field does neither flip chirality nor induce flavor transitions. In a more recent paper M the 
dispersion relation of neutrinos in magnetized media is investigated and the authors calculate 
the local part of the neutrino self-energy in a CP-asymmetric medium to all orders in the 
magnetic field strength B and also the term linear in B for the self energy in a CP-symmetric 
medium at temperatures much higher than the electron mass m and much lower than the 
VT-mass M. In this work we calculate the real part of the thermal self-energy in a medium 
to all orders in the magnetic field, for all temperatures below the critical temperature of 
the SU(2)l <g> U(l) standard model and for all momenta of the neutrino. Our more general 
result reproduces all the results in the literature [0,0. 

In Section II we calculate the thermal self-energy to all orders in eB using the real-time 
method of finite temperature field theory. In Section III, after showing that our results for a 
CP-asymmetric plasma agree with those of Refs. [[TJQ , we derive a simple expression, valid 
to all orders in the magnetic field, for the self-energy and dispersion relation in the presence 
of a non-relativistic electron gas. In Section IV we use our main result of Section II to derive 
a simple expression for the self-energy in a CP-symmetric medium when m < T < M to 
all orders in eB, and compute the dispersion relation. We conclude in Section V. 
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II. EXACT FINITE TEMPERATURE SELF-ENERGY IN A CONSTANT 

MAGNETIC FIELD 



In this Section we use the exact propagators in a constant, homogeneous magnetic 
field B to calculate the real part of the neutrino thermal self-energy in a magnetized 
medium. We take the magnetic field oriented along the ^-direction and the metric to be 
g» v = diag(— 1, +1, +1, +1). Using Schwinger's proper time method ||, it is possible to 
obtain the exact expression for the vacuum propagator of the charged lepton Sq(x', x") HIJ, 
the TV-boson Gq U (x',x") || and the charged scalar A (x',x") f||| 

tan eBs 
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where the subscript on the propagators indicates explicitly that these are vacuum prop- 
agators, — e is the charge of the electron, m the electron mass, M the W-mass, £ the 
gauge parameter, B = |B|, F^ v is the electromagnetic field strength tensor whose only 
non-vanishing components are F 12 = B = —F 21 . Also in Eqs. (2.1), (2.2), and (2.3) we 
have 



(x', x") = exp (i e -x"^x')j 



(2.4) 



-3 = - 12 = ^y,7 2 ], (2.5) 
for any 4-vector a M we define ay 1 and at as 

a » = (a , 0, 0, a 3 ) , < = (0, a 1 , a 2 , 0) (2.6) 

and we have 

(e 2ei X = (gn^eBs + F^ 8 ^^ . (2.7) 

This notation follows closely the one in Refs. The real-time thermal propagators are 

easily constructed starting from the proper-time form of the propagators in vacuum. For 
the fermion we write the vacuum propagator as 

S (x',x") = <P*(x',x") J ^e ik <^S (k), (2.8) 

and obtain the following expression of the propagator S(x', x") in the presence of an 
external magnetic field and a plasma at non-zero temperature and density, 

S(x', x") = 0V, x") J -0- 4 e ik <^S(k), (2.9) 

where the translationally invariant part S(k) of the propagator in a medium is defined in 
terms of the translationally invariant part So(k) of the vacuum propagator and of the fermion 
occupation number /f(^°) at temperature T and chemical potential \i 

S{k) = S (k) - f F (k°) \S Q (k) - S*(k)} . (2.10) 



Notice that in Eq. ( [2.10| ) the piece proportional to the occupation number represents the 



thermal part of the propagator, which we call Srik). The fermion occupation number is 
defined as 

f F (k°) = f^k°)9(k°) + f F (k )6(-k°) (2.11) 

with 
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e ±(k°-v)/T + 1 • 



(2.12) 



The same procedure is employed to obtain the propagators in a medium of the VT-boson, 
G^(x f , x"), and of the charged scalar, A(x',x"): 
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where the boson occupation number /b(/c°) is defined as 
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and 
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(2tt)< 
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(2.16) 



A{k) = Ao(fc) + f B (k°) Ao(fc) - A* (k) 



(2.17) 



The three Feynman diagrams shown in Fig. 1 contribute to the neutrino self-energy in a 
medium in magnetic field. The tadpole diagram T, tad gives only a local contribution to the 
self-energy, while the bubble diagram with a W^-boson E^^a;', x") and the bubble diagram 
with a scalar S scai (x', x") contain also non-local terms. They are given by 
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where Z MI/ (0) is the vacuum propagator of the neutral Z-boson at zero momentum, 
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and the index / runs over e, p, n, since we consider a medium where electrons, protons and 
neutrons are present, and 
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We compute the self-energy of an electron neutrino in a medium. (A generalization to 
muon or tau neutrino is straightforward.) Using the expression of the fermion propagator 
from Eqs. ( |2.1| ), ( f2.9| ), and ( |2.10| ) we obtain the following expression of the tadpole term in 
a medium with non-vanishing electron chemical potential 
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where the term linear in B has a negative sign because in this paper we take the electron 
charge to be — e. The generalization to the case of non-zero nucleon chemical potential is 
quite straightforward and will be discussed briefly in Sec. III. After we change variable in 
the fc-integration and perform the s-integration, Eq. ( |2.24j ) becomes [Q] 
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where the net number density of electrons in a magnetic field is defined as || 
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and the energies of the Landau levels are 



(2.26) 



E 2 nXkz =m 2 + k 2 z + \eB\(2n + l-X), 



(2.27) 



where n is the orbital quantum number and A the spin quantum number. The quantity 
N® — iVg in Eq. ( |2.25| ) represents the net number density in the lowest Landau level, and is 
given by 
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Starting from Eqs. ( |2.19| ) and (|2.20 ) we obtain the expressions of the two bubble con- 
tributions to the self-energy, using the boson and scalar propagators of Eqs. (^.2|)-(P75|) 
and ( p2.13| )-( P7T7D . We do the calculation in the Feynman gauge, and take £ = 1. The two 
particles in the loop are oppositely charged, and therefore the phase factors <p(x',x") cancel, 
yielding a result which is explicitly translationally invariant 
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(2.29) 



The bubble contribution to the self-energy contains a vacuum part and two thermal parts 
due to contributions of thermal fermions, which in this case are electrons, and thermal 
bosons respectively 



(2.30) 



The scalar contribution S sca / is also translationally invariant and contains three pieces as in 
Eq. fl2.30| ). For the expression of the vacuum part of S buf) we refer the reader to Ref. 0, 
here we are interested in the thermal parts which, in the £ = 1 gauge, are given by 
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where q = p — k, and we use the shortened notation 



cos eBs 



(2.32) 
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sk 2 = sk 2 + k' 



tan eBs 



tk 2 = tk 2 + k [ 



tan eBt 



(2.33) 



eB 1 " x eB 

and the same for q. The ^-integration is done after a suitable change of the fc-variable, to 
obtain 
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Notice also that we have changed the variables of the s- and t-integrations in the following 
way: s — > su , t —>■ s(l — tt) in the fermionic part and s — > s(l — u) , t — > su in the bosonic 
part. 

The scalar contributions E^. aZ and S^. ai are easily obtained by replacing g 2 with 
in Eqs. (g3|), (^35|) and e - i(J3eSs ( 2 - u ) with e - ieT3eBsu in Eq. (|2T3l ) and e -^3eB S (i+«) with 



-i(J3eiJs(l— u) 



in Eq. (|2.35|) , respectively. 



The expressions in Eqs. ( |2.34j ) and ( |2.35[ ) are some of the main results of our paper, 
which give the exact non-local thermal self-energy for all values of the magnetic field, all 
values of the temperature that are below the critical temperature of 250 GeV, all values of 
electron chemical potential, and all values of the neutrino 4-momentum. 



III. CP- ASYMMETRIC MEDIUM 

We consider now a CP-asymmetric medium at temperature T M and a magnetic field 
B -C M 2 /e. Under these conditions we can neglect thermal corrections to the M^-propagator 
and simply use the vacuum propagator in the contact approximation 
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G^(x',x") ~ G^(x',x") ~ 0(x',x") 
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To leading order in 1/M 2 the scalar contribution is also negligible. 
Using the Fierz-type identity JU 

7r7^7 m 7l = -7 R 7 M Tr [y,/y L A], 



(3.1) 



(3.2) 



it is evident that S^ 6 in the contact approximation is obtained from Sf arf of Eq. ( |2.18| ) by 
making the following replacements 



Mi ~ 2M 2 ' ° y 2 ' CA 



1 
2 



(3.3) 



Let us consider the thermal self-energy of an electron neutrino in an electron-rich medium, 
to leading order in 1/M 2 . The sum of the tadpole and bubble diagrams in the contact ap- 
proximation is readily obtained making use of Eq. (|2.24j ) and of the replacements mentioned 
in Eq. Q 
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where we have also used M z = M/ cosOw 

In a weak-field limit we can write the self-energy as 

,2 
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where the net number density of electrons in the absence of a magnetic field is 
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with u;& = y |&| 2 + ?^ 2 , and N® — N® is the net number density of electrons in the lowest 
Landau level given by Eq. ( |2.28| ). The quantity 7 3 (iVg — N®) can be written as 

d 3 k 1 d 



(27r) 3 2uJk duik 



and therefore our results for the weak-field limit are in agreement with those found in 
Ref. Note that the authors of Ref. [1] use the conventions opposite to ours g^ v = 
diag(+l, —1, —1, —1) and e < for the electron. 

Let us now consider a nonrelativistic and nondegenerate limit of the electron gas. Using 
the expansion of the cotangent as a power series involving the Bernoulli numbers Ai, we 
rewrite Eq. ( |3.4|) as 

2/1 
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For a nonrelativistic and nondegenerate electron gas U 
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with the electron energy u>k — m + \k\ 2 /2m, and therefore 
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So for the nonrelativistic electron gas Eq. (|3.7| ) yields 



£ = 7k(M + c$)lL 



(3.8) 



with 
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and 



where \Ib — e/2m is the Bohr magneton, n e is the number density of electrons as defined 
in Eq. ( |3.6| ), m m is the 4- velocity of the medium and ji = — 7 in the reference frame of the 
medium. This result is exact to all orders in the magnetic field provided that T « m and 
HbB < 7rT. The dispersion relation for electron neutrino in a nonrelativistic electron gas is 
obtained by setting (^ + b $ + c B) 2 = 0, which, to lowest order in 1/M 2 , yields 



E = \p\ + cp ■ B - b, 



(3.10) 
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where the neutrino 4- momentum is p M = (E,p). The dispersion relation of Eq. fl3.10|) shows 



that electron neutrinos in the presence of a magnetic field and in a nonrelativistic electron 
gas have an anisotropic index of refraction n 

, g 2 (VbB\ (1 + c A )p • S - (1 + c v ) coth (^) 
71 = 1 + 4M^ e {—) \P\ (3 - U) 

and an effective mass = —b. This m Ue is calculated from the one-loop diagram at finite 
temperature in a magnetic field and is exact to all orders in the magnetic field strength for 
HbB < 7iT. This mass is similar in magnitude in the limit hbB/T — > as the well-known 
effective potential Vc = \/2GFn e induced by the coherent scatterings of a electron neutrino 
off electrons [0. 

Finally we briefly consider the self-energy of an electron neutrino in a medium where 
electrons, neutrons and protons are all present. Our results in the contact approximation 
agree with those of Ref . || , and we write the self-energy exact to all orders in B as 

e = ~£p ir { [ (i + cy){Ne - Ns) - cy(Np - Np) - \ {Nn - Nn) ] 7 ° 

-(l + c A )(iV e -iV°) 7 3 } 7i , (3.12) 



where Nf — Nj is the net number density of fermions in a magnetic field as defined in Eq. 
( |2.26| ) and N® — N® is the net number density of electrons in the lowest Landau level, as 



defined in Eq. ( |2.28| ). In this Section we are considering temperatures much smaller than 



the typical nucleon mass and fields that are not extremely strong, therefore the nucleon 

magnetization is suppressed by their heavier mass relative to the electrons 0. For this 

reason we do not have a term proportional to 7 3 times the nucleon density in Eq. ( ^.12| ). 
The dispersion relation for an electron neutrino is obtained immediately M 

E = -b+\p + c\ (3.13) 

with 

b = \(1 + Cv)(N K - N ? ) - c v (N TI - Nfj) - \(N n - N*)] (3.14) 
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and 
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(3.15) 



IV. CP-SYMMETRIC MEDIUM 



In a medium that is charge-symmetric, the local contributions to the self-energy vanish, 
and we only need to consider the two bubble diagrams, but only the one with VT-boson is 
significant because the scalar diagram is suppressed by a factor of m 2 /M 2 . 

In the weak-field approximation and in the £ = 1 gauge, we obtain the following ex- 
pression for the thermal part of the neutrino self-energy, valid for any temperature below 
the critical temperature of the SU(2)i cg> £7(1) model, and for all values of the neutrino 
4-momentum 
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where the neutrino 4-momentum is p^ = (E,p), u k = \Jm 2 + k 2 , Q k — V M 2 + k 2 and the 



logarithmic functions |S,10 
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(4.4) 
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S F represents the contribution of thermal fermions (electrons) and S B the contribution 
of thermal bosons, which are relevant for T ~ M. Notice that the term proportional to 
eB<j3 few in Eq. (|4.2|) can be neglected because, for Dirac neutrinos on the mass-shell, 
o"3 i>\\ = § j*t 3 = 0. 

We consider now temperatures T <C M. In this case the thermal bosons do not con- 
tribute, and we only need to consider the vacuum part of the Vr-propagator. For temper- 
atures much lower than the V^-mass, we can take the vacuum 1^-propagator in the £ = 1 
gauge to be 



dAk ^'-^(l-^]+0(l/M% 



(4.5) 



(2tt) 4 M 2 \ M\ 

The local piece does not contribute in a charge-symmetric medium, thus we can write the 
self-energy in a magnetic field to order 1/M 4 as 
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We now use the following identities 
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change the variable of the fc-integration, and obtain 
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where .E and p are the neutrino energy and momentum respectively, E n ,A,fc* is the energy of 
a thermal electron in the n-th Landau level ( |2.27| ) and -Eo,i,fc z the energy of thermal electrons 
in the lowest Landau level. The expression of the self-energy we derived is valid for T <C M 
and exact to all orders in the magnetic field. It can be written in a more manifestly covariant 
way using jj ± =p" + 7°E — (7 ■ B)(p '■ B). 
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In order to obtain the dispersion relation we need to add the contribution of the bubble 
diagram with a Z-boson. This diagram is independent of the magnetic field and has been 
computed several years ago ||. In the £ = 1 gauge and in a CP-symmetric plasma it is 

7ttVT 4 



180M 4 \Ml 



M 2 \ ( nrn 1 
lR [ 1 °E+- 
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(4.9) 



We now concentrate on the situation where m <C T <C M and B < T 2 /e. In the early 
universe these conditions are reasonable between the QCD phase transition and nucleosyn- 
thesis. For the temperature and magnetic field in this range we can perform the integration 
in Eq. ( f4.8|) and obtain 



9' 



M 4 

„2 



Tvr* / M 2 

7r J- 1 + 

' 90 \ 

m 



2M 2 Zi 



7°£ + t 



eT 2 



9 ( ^ In f ^ ) (-2P 2 7 °P + 2p ■ B^-B 2 



24 

7l 



{j°p-B + E 



(4.10) 



The part independent of B agrees with the results of Ref. 0] and the part linear in B agrees 
with the result of Ref. 0. We were also able to obtain the B 2 term which could be important 
because of its dependence on In (jf)- The resulting dispersion relation is 
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(4.11) 



where the first two terms reproduce the result of Ref. , and the last one is very significant 
for eB ~ T 2 > m 2 . 



V. CONCLUSIONS 

We have studied the self-energy and dispersion relation of massless Dirac neutrinos in 
the presence of a constant magnetic field in a plasma. We obtain the self-energy in the £ = 1 
gauge exact to all orders in the magnetic field, for all values of temperature below the critical 
temperature (Tc) of the Weinberg-Salam model and all values of electron chemical potential. 
We then consider a CP-asymmetric plasma at temperature T M. We have shown that 
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in the weak-field limit our result agrees with those in the literature [1],[| and then derive 
the self-energy and dispersion relation to all orders in the 5-field for an electron neutrino in 
a nonrelativistic and nondegenerate electron plasma, obtaining the index of refraction and 
effective mass of neutrino. The effective mass m„ e = —b given in Eq. (3.9) is calculated from 
the one-loop diagram at finite temperature in a constant and homogeneous magnetic field 
to all orders in the magnetic field strength. Its actual magnitude in the limit hbB/T — > 
is similar to that of the effective potential energy Vc = \Z2Gpn e induced by the coherent 
scatterings of a electron neutrino off electrons. 

Finally, we consider a charge-symmetric plasma, and derive from our main result of 
Section II an expression for the self-energy in a weak-field limit valid for < T < Tq- This 
expression could be very useful for studying magnetic properties of neutrinos for T ~ M. 
We then obtain the self-energy to all orders in B for T <C M and then derive a very simple 
formula for the self-energy for m <C T <C M and B < T 2 /e that contains also the term 
quadratic in B, while the terms linear and independent of B are shown to agree with results 
from the literature |2||J. We also obtain the dispersion relation. 
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FIGURES 

FIG. 1. The 3 diagrams relevant to the one- loop self-energy calculation; (a) the tadpole, (b) 
the bubble diagram with IF-boson and (c) the bubble diagram with scalar. 
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FIGURES 





(b) (c) 
FIG. 1. The 3 diagrams relevant to the one-loop self-energy calculation; (a) the bubble diagram 

with IF-boson, (b) the bubble diagram with scalar and (c) the tadpole. 
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